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A B S T R A C T

An efficient damage tolerance (DT) analysis method is required for application during the pre-
liminary design phase of a composite structure. In the present work, we describe an analytical,
energy-based DT analysis method for compression-loaded composite laminates containing a
delamination. Based on the sublaminate buckling as the driving phenomenon, the strain energy
release rate is calculated through the virtual crack extension method. The consideration of the
load transfer within the laminate allows calculating the strain energy release rate in two direc-
tions which permits an assessment of the damage propagation direction. Further, the developed
method permits taking into account the effects of the laminate width and the damage eccen-
tricity. The obtained results are compared with other analysis approaches and validated through
experiments from the literature. This validation approves the method’s capability to assess the
residual laminate properties, although the method turned out to be less accurate than methods
presented in the literature.

1. Introduction

Maintaining the structural integrity is a vital need to any transport aircraft. Damage occurring to the aircraft during the service
life must not result in catastrophic failure. To comply with this need, particular design philosophies for aircraft structures account for
possibly occurring damage. The state of the art philosophy for most aircraft structures is Damage Tolerance (DT) [1,2]. A damage-
tolerant design demands the expected damage to be taken into account as early as possible during the design phase. The design has to
ensure that the damage cannot infringe the structural integrity for predefined service intervals, which have to be evidenced as DT-
safe. When the end of a design interval is reach an inspection has to be scheduled. The discovery of a DT-critical damage has to entail
the repair or the replacement corresponding component, to ensure the airworthiness for the further service life.

The DT analysis methods are well-established for designing structures made from metallic materials [3,4]. For structures made
from composite laminates, the established, metal-specific DT methods cannot be directly transferred. The damage behavior of
composite materials differs significantly from that of metallic materials. While the failure of metals is characterized by through-
thickness cracking, composite laminates exhibit a variety of damage modes. The most significant modes are fiber failure, inter-fiber
failure, and delamination. Among these damage types, the delamination is particularly critical to a compression-loaded composites
structure, as for example Kevin O’Brien describes as early as 1988 [5]. As a delamination is located inside the laminate and hardly
visible from the outside, its detectability through a visual inspection cannot be ensured [6].

However, the crucial demand for the reliability of an aircraft structure applies also to composites. According to Newaz and
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Sierakowski, composite structures have to “equal or exceed” [7] the safety standards of a conventional metal structure. Therefore, the
public authorities define the possible methods to account for the required DT of composites: the guidelines by the Federal Aviation
Administration (FAA) are provided in the Advisory Circular AC 20-107B [8], the guidelines by the European Aviation Safety Agency
(EASA) in the Decision No 2010/003/R [9,10]. Briefly summarized, there are three admissible concepts which can be applied to
approve the DT. These concepts differ in their permissible damage growth behavior over the service life: slow growth: a damage may
grow slowly and stably; arrested growth: the damage growth has to be self-arresting; no-growth: a damage may not grow.

Among these admissible concepts, a strict no-growth approach currently seems to be the only viable method to deal with dela-
mination under compression load. The phase of stable damage growth before the ultimate collapse is too short to permit a slow
growth design [11–14]. Only the prohibition of any damage propagation during the entire structural life seems to meet the allow-
ances by the public authorities [15,16]. A special detailed inspection method [17,18] or structural health monitoring [19,20] has to
be employed to detect damage as required for a slow growth design. In practical application, the no-growth policy is realized through
maximum allowable strain limits, which may never be exceeded [21,22]. The corresponding DT analysis reduces to a residual
strength analysis, as stated for example by Sebaey et al. [23] or Dubary et al. [24].

Due to the different behavior of delamination under compression and tension [25,26], the load case determines the driving
damage mode for the damage-tolerant design. Delamination is particularly critical to the compression strength as sublaminates are
prone to local buckling under compression [5]; so-called sublaminate buckling. The sublaminate buckling crucially influences the
global buckling and commonly initiates the structural failure [27–29]. The common determination procedure for the corresponding
knock down factors is based on “extensive test campaigns” [30], consisting mainly of compression after impact (CAI) coupon tests
[31]. A sufficient residual strength has to be ensured for the service life of a structure. Hence, residual strength testing after cyclic
loading is required [32,8].

The elaborate experimental effort to evaluate the DT cannot be managed in the preliminary design phase. Hence, the available test
data for specific laminates limits the design space if the conventional procedure is used. A more flexible DT assessment method
enhances the design process through the tailored calculation of DT allowables. These tailored allowables are potentially less con-
servative than a general test-based strain limit. With regard to such a flexible method for the application in the preliminary design
phase, a fast DT evaluation is mandatory [33,34]. This requirement leads to the investigation of analytical methods accounting for the
DT of delamination under compression load.

1.1. Toward a damage tolerance method for composite laminates

A standard DT analysis of a metallic structure is conducted in a procedure of several steps as depicted in Fig. 1a. Based on a load
spectrum, the stress and strain in the structure has to be determined for the unique load states. Usually, a finite element analysis is the
method of choice for this determination. In a fracture-mechanical analysis, the strain energy release rate (SERR) G at the crack tip is
determined. The SERR is a fracture-mechanical parameter which is obtainable for each crack tip and load state. The exceeding of the
critical SERRGc marks the residual strength. For cyclic loading with subcritical values of G, a crack growth law like the Paris law [35]
can be employed which calculates a crack growth rate da

dN
[36,37]. The law’s evaluation for all load amplitudes in the service life

enables the calculation of the damage size history over that time. Based on this information, the margin of safety can be calculated
either through the residual strength or through the safe damage growth interval.

A DT analysis procedure for compression-loaded composite laminates with delamination can follow the same basic principle as
the established DT process for metallic structures (cf. 1) b.When the SERR is determined, the safety margin results from the calculated
no-growth interval until the onset of delamination propagation. A crucial difference in the process emerges in the fracture-mechanical
analysis step. The determination of the SERR at a through-thickness crack in isotropic material is a single analytical formula based on
the state of stress [4]. In contrast to that, the opening of a delamination crack occurs differently. Only for particular delamination

Fig. 1. Steps to be conducted in a DT analysis of a metallic (a) and a composite (b) aircraft structure.
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cases, with a clearly defined mode I or mode II crack opening, a direct calculation of the SERR is possible [38–40]. Such a case is the
delamination propagation in a double cantilever beam as described in the studies of Krueger [36] and Gbaguidi [37]. However, the
determination of the SERR is complex with regard to a compression-loaded laminate with a delamination. The delamination crack
front surrounds the delaminated area. The value of the SERR can vary along this crack front. Hence, the DT analysis of a delaminated
composite has to be two-dimensional, as proposed by Choudhry et al. [41].

A numerical high-fidelity analysis can be conducted to assess the mechanisms around the delamination under compression load.
Examples of such analysis method are shown by Dienel et al. [28,42] or by Riccio et al. [43]. Detailed high-fidelity methods ac-
curately determine the residual strength, however, they are computationally costly and require significant modeling effort. An al-
ternative approach with low computational cost was proposed by Köllner et al. [44]. Their calculation is based on the classical
laminate theory (CLT) and analytical plate equations which results in plausible prediction of the delamination growth onset.
Nonetheless, the method is limited to circular geometries of the plate and the delamination. A more flexible method has been
developed by Rhead, Butler et al. [45–48]. They identified the sublaminate buckling as the driving phenomenon for the compression-
driven delamination propagation. Based on the sublaminate buckling, these researchers developed an analysis method for the DT of
composite laminates. According to the process in Fig. 1b, their analysis begins with a numerical determination of the sublaminate
buckling. Subsequently, the SERR of the buckled delamination is determined analytically. The comparison of the respective results
with experimental data affirms the plausibility [45]. As a purely analytical variant, Rhead and Butler propose a one-dimensional
beam model for the determination of the sublaminate buckling. However, this beam-based determination provides a rough estimate
which is not conservative. In a recent development published in 2019, Choudhry, Rhead et al. present an enhancement of their
method which allows a two-dimensional based on plate equations [41]. This enhanced method permits the calculation of the SERRs
for elliptical delaminations parallel and perpendicular to the load axis.

The semi-analytical methods proposed by Rhead, Butler, Choudhry et al. fulfill the requirements for a DT assessment of composite
structures. The further development to be achieved with this paper shall fit the needs for an application in preliminary aircraft design.
To move the DT analysis to a structural level, an efficient analysis should take the load transfer in the structure into account. Also the
eccentricity of damage has to be considered to account for an elevation of the damage influence. For that purpose, an analytical two-
dimensional analysis to calculate a DT allowable is presented.

2. Methods

2.1. A fracture-mechanical energy method

The determination of the SERR at the delamination crack tips is key to the DT analysis of composite laminates. According to the
findings of Rhead and Butler, we consider the crack opening to be driven by the sublaminate buckling [45]. This crack opening is
likely to be a mixed-mode phenomenon [38]. To simplify the analysis, we assume the crack opening as a pure mode I peeling. The
critical SERR of mode I is a lower bound for a critical mixed-mode value [49]. With this assumption, an approximation of the mode-
mixity can be avoided. The mentioned approaches by Rhead, Butler et al. also employ this practice in order to avoid a mixed-mode
criterion [47,41].

To describe the SERR analytically, we need to determine the energy balance of the loaded laminate with the delamination. For
each loaded structure, an elastic potential can be defined, which is composed of the internal energy U and the negative external
workWe. According to Griffith [50], the SERR is the decrease of this elastic potential caused by a crack surface increase. This crack

Fig. 2. Geometry of a sample laminate with the area Alam containing a delamination Ad with the enveloping area Ad (a) and the virtual extension of
the delamination envelope in x- and y-direction (b).
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surface in Eq. (1) is represented by the delamination area Ad, in the context of the present analysis (cf. Fig. 2a).

= =G d
dA

dW
dA

dU
dAd

e

d d (1)

Consequently, the energy values We and U have to be determined for the loaded laminate. In consideration of the control loop of the
load application, the value ofWe is zero for displacement-control, with constant external displacement xext, and the calculation of the
SERR simplifies according to Eq. (2). External work is relevant only when the external displacement can change. Hence, for a force-
controlled load application, with constant loading n, Eq. (3) describes the SERR calculation. The respective external work We results
from the external load n and the width of the specimen w according to Eq. (4).

==G d
dA

U( ) ( )x const
d

. (2)

==G d
dA

W U( ) ( )n const
d

e. (3)

=W wdn xe ext (4)

With regard to the crack surface, we introduce a major simplification for the analytical model in this work. Instead of the real
delamination area Ad, the rectangular envelope Ad around the delamination is used for the analysis as shown in Fig. 2a. The length
and width of the delamination in x- and y-direction, a2 and b2 , determine the edge lengths of the rectangle, respectively. For circular
delamination and elliptical delamination with °0 or °90 orientation the relation of the surfaces is =A A*d d

4 which is an increase of
27%. Nonetheless, there are reasons to question this rectangular approximation. First, an inclined ellipse, results in a surface increase
which depends on the aspect ratio of the ellipse. The increase can be much larger than the above calculated 27%. Second, the
qualitatively different shape of the damage could possibly affect the mixed-mode ratio at the crack tips. Hence, a plausible prediction
of the mixed-mode behavior could not be ensured if it was considered.

The authors intend the rectangular envelope to exhibit a conservative damage growth threshold in comparison to the real el-
liptical damage. The arguments in favor of the conservatism are the area enlargement and the fact that the growth of a rectangular
delamination results in an nearly elliptical delamination shape with two tips perpendicular to the load direction [51]. Hence, ac-
cording to the thermodynamic principle of minimum energy, the elliptical shape is considered to be preferential to the rectangular
shape. Nonetheless, an argument against the conservatism is a possible load peak concentration at the lateral delamination tips,
which is not existent for the rectangular shape. Eventually, the conservatism is neither analytically nor empirically proven in this
work.

On the basis of Ad , the virtual crack extension method enables the calculation of the SERR according to Eq. (3). The virtual crack
extension can be conducted separately in the x- and the y-direction, which permits to distinguish the SERR in parallel and per-
pendicular direction to the load axis. The virtual enlargement of the delamination is assumed by increasing the delamination area Ad
through the parameters a and b. This virtual extension by a small increment da or db extends the delamination area to the values

= ++dA a da b4( )d
da or = ++dA a b db4 ( )d

db , as depicted in Fig. 2b. The energy quantities We and U are functions of the delamination
area and calculated accordingly. Instead of the differential derivative in Eq. (1), the difference quotient shown in Eq. (5) is evaluated.
The calculation of the laminate’s energy quantities is, thus, conducted twice: first, for the current delamination size Ad , second, for a
virtually enlarged size +Ad

dA. The virtual extension by da and db has to be conducted separately. Accordingly, two SERRs in per-
pendicular directions can be calculated, = +Gx

d
dAd

da and = +Gy
d

dAd
db .

= = +
=

+ + + +
G W U W U

A
W W U U

A
( ) ( ) ( ) ( ) ( )

n const
e e

d

e e

d
. (5)

2.2. Energy in the pristine laminate sections

The virtual crack extension requires a calculation procedure for the internal energy in the delaminated laminate. The internal
energy of the laminate is calculated through the stress–strain integral of the laminate with the area Alam (cf. Eq. (6)). According to the
CLT, the laminate deformation state is described through the membrane and plate effects. These lead to a replacement of and . The
load vector = ( )n N

M describes the membrane end bending forces, the respective degrees of freedom are included in = ( )x . These

vectors are related according to the basic equation of the CLT in Eq. (7) and Eq. (6) can be rearranged to Eq. (8), where ( )N
M is the

integrand. For a homogeneously deformed laminate with linear elasticity, the energy integral simplifies to an elementary matrix
multiplication in Eq. (8).

= = +U A d dz A d dN Mlam
t

lam0 0 0 0

lam

(6)

=( ) ( )( )N
M

A B
B D (7)
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= =( ) ( )( ) ( )( )U A d AN
M

A B
B D

1
2lam

T
lam0 (8)

2.3. Internal energy of delaminated laminates

The energy calculation according to Eq. (8) is valid only for homogeneously deformed laminates. However, a laminate containing
a delamination cannot be considered as entirely homogeneous. Hence, several distinctions are necessary: a sequential distinction of
load sections and a spatial distinction of differently loaded specimen areas.

2.3.1. The laminate response before and after sublaminate buckling
A sequential distinction of the load sections has to be conducted as the occurrence of buckling significantly affects the energy

distribution. First, the damaged and the undamaged area deform homogeneously. Up to the sublamiante buckling load nbuck and the
respective critical strain c,the deformation is linear elastic (cf. Eq. (9)). This homogeneity disappears as soon as one sublaminate
buckles.

The energy stored in a buckling sublaminate has to be calculated. This calculation requires an assumption about the post-buckling
stiffness of a sublaminate. The work of Diaconu and Weaver [52] suggests a linear decrease of the stiffness in load direction according
to Eq. (10) as the diagram in Fig. 3 shows. Considering these published experiments, Rhead et al. suggest the range < <r0.35 0.65 for
orthotropic laminates. However, their study is conducted using two values; =r 0.5 for approximating the real behavior, and =r 0
representing a lower bound which results in the largest SERR. For the analyses presented in the current article the value is set to zero,

=r 0.
The sequential distinction requires determining the buckling strain c of each sublaminate. In this regards, the existing method by

Rhead and Butler [45,47,22] uses a numerical buckling analysis or a simplified one-dimensional beam model. To match the needs of
the preliminary-design phase, the model presented in this work requires an efficient buckling determination. This requires either to
substitute a numerical model with a predetermined response surface or to employ an analytical method. As the a priori determination
and the interpolation in the discrete design space of stacking sequences is complex [53], the direct calculation through analytical
equations was preferred. An analytical plate buckling correlation for rectangular, orthotropic plates with different boundary con-
ditions suits the calculation of the sublaminate buckling. Such equations are, for example, provided in the publication by Tarjan and
Kollar [54] or in the structural analysis manual HSB Section 45000 [4]. Both approaches are outlined in the Appendix A.

=n Abuck c11sub (9)

=n rA11 11 11sub sub (10)

2.3.2. Spatial distinction of the energy calculation
A spatial distinction of the sublaminates and the pristine laminate is necessary. First, the energies of the pristine laminate and both

sublaminates in the delaminated area Ad have to be calculated separately. The pristine laminate’s elastic energy can still be cal-
culated according to Eq. (8). The same also applies to the energy calculation of the non-buckling sublaminate. The corresponding
segmentation of the specimen in separate regions is depicted in the Fig. 4. This segmentation is chosen to account for the load transfer
caused by the sublaminate buckling. The load decrease in the buckling sublaminate causes a load increase in the base laminate under
the delamination (second sublaminate) and in the left and right sections. Eventually, we differentiate six regions of the specimen as
the Fig. 4 shows. In each region, the internal energy has to be calculated. In Eq. (11), the sum of all six internal energy values results
in the quantity U.

= + + + + +U U U U U U Uup down l r sub sub1 2 (11)

The values in the upper and the lower section of the specimen,Uup andUdown, can directly be obtained through Eq. (8). The respective

Fig. 3. Load-deformation curve of a sublaminate before and after delamination buckling.
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areas are defined through the specimen geometry and sustain the applied line load n11. Using the same principle, we can calculate
interim values Ul and Ur for the side sections to the left and to the right of the delamination. For this case, the values nr and nl are
equal to n11. These interim values are only valid for plates of infinite width w . In a real plate, the load in the side sections
increases through the load transfer from the delaminated section. Due to their dependence on the load in the buckling sublaminate,
the real energy valuesUl andUr can only be calculated after the determination of the sublaminate buckling. Trivially, the same applies
to the sublaminate energies.

2.3.3. Energy in a buckled sublaminate
The occurrence of buckling substantially changes the deformation of the respective sublaminate. Accordingly, the calculation

procedure of Usub1/2 has to be adapted as the CLT does not suit to describe the deformation. As Rhead stated [45], the sublaminate
buckling is dominated by nonuniform bending instead of uniform membrane deformation. This deformation results in an energy
density which is not constant. Hence, an integral approach needs to account for these effects. Instead of an energy integral over the
delaminated area, the external work by the section force nsub1/2 on the delamination boundary provides the basis for the energy
calculation. This force-based approach is one-dimensional, hence it is not applicable for multidirectional loading. Nonetheless, its
advantage is that it only requires the description of the sublaminate’s post-buckling behavior to calculate the energy in the respective
region. The respective post-buckling behavior is shown in the diagram in Fig. 3. Accordingly, the energy Usub1/2 can be described by
the Eqs. (12) and (13).

=
+

U a
n n

b2 · ·
2

·2sub
sub buck

111/2
1/2 1/2

(12)

= + +

+

U
a b n

a n
rA

b
2 ·2 · ·

2
2 · ( )

2
·2sub

c buck
c buck

c

n n

11

11 11

2

i
sub

sub buck

1/2
11

1/2

1/2

1/2 1/2
(13)

2.4. Load redistribution

The free cut through the specimen in Fig. 5b shows the acting forces in the pristine and the delaminated regions. From this free
cut, the equilibrium of forces in the loading direction reveals an inconsistency of an energy balance wit the valuesUi. A pure reduction
of the sublaminate section forces nsubi violates the equilibrium of forces in the x-direction (Eq. (14)). The free cut illustrates that the
real values nl and nr cannot be equal to n11).

+ + =n b n w n w n w2
i

sub l l r r 11i
(14)

To describe physically consistent load state, one has to account for the load transfer from the buckling sublaminate to the pristine side
sections and to the remaining base laminate (second sublaminate). The actual section forces ni have to be calculated considering this
load redistribution. For that purpose, the equilibrium of the forces in x-direction and the equilibrium of moments are employed.

The calculation is conducted under the assumption that the specimen remains flat after the asymmetric stiffness loss in one
sublaminate. Hence, the global bending effect as shown by Rhead et al. in 2017 [22] is not included in the present model, which
limits the applicability to cases with restrained edges. Further, the model is based on a uniform load distribution in each specimen

Fig. 4. The segmentation of the specimen into regions for the energy calculation including the respective energy quantities (blue).
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section. Through this assumption, the line loads can be replaced by their effective forces attacking at the center of the respective line.
The corresponding lever arms of the forces derive directly from the specimen geometry. However, this assumption limits the validity
of the analysis approach to a uniform load n11, as a non-uniform external load would require to consider non-uniform load in the
individual cross sections. Notably, further damage-driven stress concentration close to the delamination edge is not included in the
presented approach.

The load transfer results from the difference of the sum of the preliminary sublaminate section forces nsubi and the applied external
load to that section bn2 11. Hence, the load to be redistributed F is calculated through (15).

Two steps are conducted to calculate the redistribution. In the first step, 11 the mean strain increase in the damaged cross section
is calculated through Eq. (16).

=n n b F2
i

sub 11i
(15)

=
+ + +

F
w w A b A rA( ) 2 ( )r l lam

11
11 11sub non buckling 11forsub buckling (16)

The additional strain 11 increases the sublaminate forces nsub1/2 and the sublaminate energy Usub1/2 according to the Eqs. (17) and
(18), respectively. Also the load increase in the side sections can be calculated in similar manner (Eq. (19)). The corrected forces
nsub1/2 and nl r/ fulfill the equilibrium of forces, as they contain the redistribution of the load F .

= +
=
=n n A r

r
r r

~ ~
~ 1, for nonbuckling sublaminate
~ , for buckling sublaminatesub sub sub11 111/2 1/2 1/2 (17)

= +
+

U U
n n

ab
2

·4sub sub
sub sub

111/2 1/2
1/2 1/2

(18)

= +n n Al r l r/ / 11 11 (19)

Notably, the approach presented here does not consider any further stress concentration close to the delamination edge. Instead, each
line load n is assumed to be constantly distributed over the respective width. Further, the force F is transferred according to 11 to
the laminate base and both cross sections to the left and right of the delamination. In case of a centric delamination with =w wl r , the
symmetry condition =n nl r suffices as a second equation. Trivially, the respective portions of F get transferred equally to both sides
and Eq. (19) is correct.

However, in case of an off-centered delamination which is horizontally removed from the middle axis as in Fig. 5, this transfer is
not trivial anymore. The eccentricity e according to the Eq. (20) describes the difference of the vertical center lines of the specimen
and the delamination as Fig. 5a shows.

=e w w
2

r l
(20)

Fig. 5. Sketch of the off-centered delamination geometry and the cutting forces in the pristine and the delaminated cross sections.
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The equilibrium of moments in Eq. (21) provides the missing second equation in addition to the force equilibrium. To set up this
equilibrium condition, we assume uniform line loads in each section. These can be replaced by their resulting forces (cf. Eq. (22))
attacking at the midpoint of the respective lines. Thus, the two equilibrium equations, Eq. (15) and Eq. (21), have to be solved for the
two unknowns nl and nr .

= + + + +b e w F e F b e w F0
2 4

· ·
2 4

·l sub r (21)

=

= +

=

=

( )
( )

F b e n

F b e n

F b n

F wn

2

l
w

l

r
w

r

sub
i

sub

2

2

11 11

i

(22)

Eventually, the Eqs. (23) show the loads in the side sections, resulting from the system of Eqs. (22). These loads have to be employed
to calculate of the SERR. According to the Eqs. (7) and (8), the internal energy correlates quadratically with the load. Thus, the
calculation of the respective values for U in Eq. (24) can be accomplished through a correction factor ( )n

n

2r
11

multiplied with the

energy without load redistribution U .

=

=

+

+

+

+

+ +

+

+ +

+

+ +

n

n

l

F F

w

r

F F

w

1

1

1

1

eFsub
b e w sub

b e w

b e w

l

eFsub
b e w sub

b e w

b e w

r

11

2 4

2 4

2 4

11

2 4

2 4

2 4 (23)

=

=

( )
( )

U U

U U

l l
n
n

r r
n
n

2

2

l
l

r
r (24)

2.5. External work due to stiffness decrease

The propagation of the delamination decreases the specimen stiffness. Within the damaged specimen cross section, the additional
strain component 11 results from this stiffness decrease. The consequence for a constant force loading is a displacement increase at
the loading edge which can be calculated through the strain delta multiplied with the damage length, =x a2ext 11 . In case of an
eccentricity e 0, the average strain increase has to be recalculated through Eq. (25). Due to the quadratic correlation of the strain
and the energy, this equation uses a weighted quadratic mean of the load increase in the side sections. For the symmetrical case of

=e 0, the average external strain increase 11 is equal to 11, the strain increase in the damaged cross section.

=
+

+
( ) ( )w w

w w
l

n
n r

n
n

r l
11 11

2 2l r
11 11

(25)

According to Eq. (4), the external work is the integral of the load and the displacement at the loading edge. For damage propagation
under force controlled loading, the differences in the external energyWe emerges through the difference of the external displacement

= +dx x xext ext ext . The respective displacement differences +dx db and +dx db can be calculated from the differences of the external
displacement xext at the loading edge (cf. Eq. (26)). The resulting displacement increase dxext permits calculating the respective values
for the external energy difference dWe, as given in Eq. (27).

= +x l a2ext 11 11 (26)

=
=

+ +

+ +
dW n w dx
dW n w dx

· ·
· ·

e
da

ext
da

e
db

ext
db

11

11 (27)

In case of a displacement controlled loading, by definition, the decrease of the specimen stiffness does not cause any displacement
increase. Instead, the load decreases, according to Hooke’s law. This effect is neutral to the external energy balance, resulting in an
external work difference of zero for displacement control.
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2.6. Strain energy release rates at the delamination front

Using the derived equations for the internal energy and the external work, we obtain the SERRs through Eq. (5). Therefore, the
energy quantities have to be calculated for the current damage state a b[ , ] and for the virtually extended damages +a da b[ , ] and

+a b db[ , ]. The values Gx and Gy are given in the Eqs. (28) and (29).

= ++ +
G n w x x U U

b da
( ) ( )

2(2· · )x
da da

11

(28)

= ++ +
G n w x x U U

a db
( ) ( )

2(2· · )y
db db

11

(29)

These SERRs can be used for a damage propagation analysis, for example through a Paris law [36,37]. Nonetheless, a stable crack
growth is unlikely for this load case. In accordance with the no-growth approach, a fatigue law for the determination of the crack
growth onset can be employed. Such a modification even simplifies the analysis procedure as an update of the delamination geometry
during the analysis is not necessary.

3. Results and discussion

For the application of the developed model, several test cases with experimental reference data are taken from different literature
sources. In total, a set of 16 configurations (R1 – R4 and C1 – C12) as shown in the Table 1 forms the basis of reference cases to be
analyzed through the current model. The list of test cases includes laminates manufactured from four different CFRP prepreg ma-
terials: Hexcel T700/M21, HTA/6376, AS4/8552, and XAS/914. The Table 2 provides the relevant material parameters including
their sources for all four materials. The referenced test cases were already applied to validate the damage growth models by Rhead,
Butler, Choudhry et al. [45,48,55,41]. Therefore, the specimens were manufactured with included artificial delaminations of a
specified size. These specimens were subjected to compression tests, where the buckling strain of the sublaminate c and the threshold
strain for damage propagation th were recorded.

Table 1
Oveview of the experimental test cases from the literature.

Label Layup incl. delaminationa Specimen ×l w mm[ ]2 Damage diameter mm[ ] Material Source

R1 [45, 0 45, 90, 45, 0, 45, 90]S ×205 100 27 AS4/8552 [56,45]
R2 [45, 45, 0 90, 45, 45, 0, 90]S ×250 50 15 XAS/914 [45]
R3 [90, 45, 45, 0, 90 45, 45, 0, (0, 45, 45, 90) ]s 3 ×250 156 50 HTA/6376 [57,45]
R4 ± ± ± ± ±[ 45, 0, 90, 45 45, 0 , 45, 0, 90, 45, 0, 90, 45, 0 , 45, 0, 90]S2 2 ×250 156 50 HTA/6376 [57,45]
C1 [0, 0, 90 45, 45, 45, 45, 90]S ×210 100 39 T700/M21 [48,41]
C2 [0, 0 45, 45, 90, 45, 45, 90]S ×210 100 39 T700/M21 [48,41]
C3 [15, 30 30, 15, 0, 90, 90, 0]S ×210 100 39 T700/M21 [41]
C4 [0, 90, 90 45, 45, 45, 45, 0]S ×210 100 39 T700/M21 [48,41]
C5 [90, 0, 90 45, 45, 45, 45, 0]S ×210 100 39 T700/M21 [48,41]
C6 [90, 90, 0 45, 45, 45, 45, 0]S ×210 100 39 T700/M21 [48,41]
C7 [0, 45 0, 45, 90, 45, 45, 90]S ×210 100 39 T700/M21 [48,41]
C8 [15, 60 60, 15, 0, 90, 90, 0]S ×210 100 39 T700/M21 [41]
C9 [30, 30 0, 90, 90, 0, 90, 0]S ×210 100 39 T700/M21 [55,41]
C10 [30, 30 0, 0, 30, 30, 30, 60, 60, 30, 30, 30, 0, 0, 30, 30]S ×210 100 39 T700/M21 [55,41]
C11 [45, 45 45, 45, 90, 0, 90, 0]S ×210 100 39 T700/M21 [48,41]
C12 [45, 45 0, 0, 45, 90, 45, 90]S ×210 100 39 T700/M21 [48,41]

a Two vertical lines indicate the separation of the sublaminates in the damaged region. Each layup contains exactly one delamination,
hence, the indicated layup symmetry/ multiplication does not apply to this damage indicator.

Table 2
Material parameters for the presented test cases from the literature.

Parameter T700/M21 HTA/6376 AS4/8552 XAS/914

Source Butler et al. [48] Rhead et al.[45]
tply 0.25 mm 0.13 mm 0.25 mm 0.125 mm
E11 136 GPa 133 GPa 128 GPa 135 GPa
E22 8.9 GPa 10.8 GPa 10.3 GPa 8.5 GPa
G12 4.5 GPa 3.6 GPa 6 .0 GPa 6.0 GPa

12 0.35 0.3 0.3 0.3
GIc 0.55 mJ/mm 2 0.24 mJ/mm 2 0.26 mJ/mm 2 0.1 mJ/mm 2
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3.1. Calculation of the critical strain for sublaminate buckling

The analysis begins with the determination of the sublaminate buckling strain c. This strain can be calculated analytically for
clamped or simply-supported boundary conditions, either through the approaches from the structural analysis manual HSB or the
formulas of Tarján et al., (cf. A). To evaluate the suitability of the approaches, all four variants are employed to calculate the buckling
strain c of four test cases R1 – R4. The respective analysis results for c are depicted in the diagram in Fig. 6 where they are compared
with the results obtained through the numerical tool VICONOPT [58]. This comparison shows, that the boundary conditions assumed
at the delamination edges severely influence the critical buckling strain. The assumption of built-in edges leads to an overestimation
of c. In contrast to that, the simply supported plates exhibit a much lower critical strain value than the reference calculation through
VICONOPT. In case of a real delamination, the embedding of the sublaminate corresponds to a continuous elastic support. Hence, a
built-in boundary condition is stiffer than the real embedding and the prediction of the critical buckling strain is not conservative. In
contrast, the simply supported boundary conditions are more compliant than the real embedding and lead to a significant under-
estimation of c.

To choose a formula for the buckling strain determination, the influence of the buckling strain on the SERR result of the analysis is
studied through the calculation ofG ( )x c andG ( )y c . For that purpose, the test case C2 is exemplified and analyzed for a strain level of

= 5000µstrain11 and for three different damage sizes. The diagrams in Fig. 7 depict the result curves. Trivially, the SERR decreases to
zero when the buckling strain is equal to 11. The maximum SERR values do not necessarily occur for the minimal buckling strain
( = 0c ). Hence, a lower bound buckling strain does not ensure a conservative result for the SERR result. Instead, an accurate
determination of c is key for a plausible estimate in the DT analysis. For that reason, the analytical calculation in the present work is
supplied with the average value of the buckling strains for simply supported and built-in edges. The formulas of Tarján et al. are
preferred over the variants from the structural analysis manual.

3.2. Threshold strain for delamination propagation

After the initiation of sublaminate buckling, the crack tips begin to open and the SERRs become non-zero. This calculation

Fig. 6. The sublaminate buckling strain c calculated through the HSB method [4] and the formula by Tarján et al. [54] in comparison with the
VICONOPT results by Rhead et al. [45].

Fig. 7. Energy release rates in x- and y-direction depending on the buckling strain c for a similar strain level of = 5000 µstrain11 .
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requires a value for r, to determine the post-buckling stiffness of the sublaminate. In order to reach a conservative estimate, =r 0 is
used for all calculations in this section. The Eqs. (28) and (29) from the Section 2.6 are evaluated continuously depending on the
strain level 11.

The diagram in Fig. 8 depicts the development of the SERR depending on the strain for two sample laminates of the test cases C2
and C6. The SERR values begin to increase after sublaminate buckling initiates. The increase is nonlinear and differs between Gx and
Gy. The propagation threshold strain th derives from the exceedance of the critical SERR GIc by the SERR at any delamination crack
tip.

The resulting delamination propagation can possibly be unstable, even though the instability does not directly deduce from this
exceedance. The gradient of the SERR has to be checked to assess the stability. Nonetheless, th marks a conservative estimate for the
initiation of the damage propagation.

The threshold strain th and the buckling strain c are calculated for entire set of test cases. The diagram in Fig. 9 depicts these
calculation results and the available experimental reference values from the literature sources (cf. Table 1). Further, the analysis
results obtained by Rhead et al. [45] and Choudhry et al. [41] are included. With few exceptions, the analytical calculation of the
buckling strain reasonably approximates the experimental reference (or the numerical result obtained through VICONOPT). How-
ever, several significant underestimations exist.

The results of the damage propagation threshold calculated through the current method reasonably predict the experimental
reference. However, the threshold is overestimated for the most cases. Therefore, conservatism cannot be ensured even for =r 0.
Remarkably, the agreement is better for the four test cases R1 – R4. Nonetheless, Rhead et al. reported a better accuracy for these
cases. For the further cases C1 – C12 the accuracy of the current method is worse, as most results are clearly above both the
experimental reference and the result by Choudhry et al. A possible explanation could be the applied value of =G 0.55 mJ/mmIc

2,
which originates from the experiments of Ilyas et al. [59]. However, Choudhry et al. mention a second =G 0.33 mJ/mmIc

2 as
reported in [60]. Hence a systematic deviation due to the critical SERR value could be a possible explanation of the overestimation
seen for the cases C1 – C12.

3.3. Dependency on the specimen width and the damage eccentricity

The behavior of Gy
l and Gy

r and Gx depends on the specimen width w and the eccentricity e of the delamination. To study these
dependencies, the test case C2 is subjected to a strain level of = 2500 µstrain11 . The specimen width and the damage eccentricity, as
the parameters of interest, are accordingly modified. For a qualitative investigation, dimensionless parameters are derived for the
relative specimen width and the relative eccentricity.

The specimen width is normalized through the damage width, w
b2
. This dimensionless variable approaches 1 when the damage

comprises the entire specimen width. The diagram in Fig. 10a shows an increase of both Gx and Gy for a small width to damage ratio.
The load transfer from the damaged cross section to the pristine side sections explains this observed behavior. Remarkably, the SERR
in load direction, Gx becomes larger than the lateral value Gy for a large width to damage ratio. The reason for this behavior can be
found in the energy calculation in the side sections of the plate. The corresponding correction factors are calculated based on a
homogeneous distribution of the load in the side sections. While this leads to a significant increase of the energy density for small
ratios w

b2
, a large ratio corresponds to hardly any load increase in the side sections. Hence, the correction factors in Eq. (24) are close

Fig. 8. SERR depending on the strain level for two test cases from Butler et al. [48]. th represents a conservative estimate of the laminate’s residual
capacity.
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to one. The correctness of this approach can be questioned, as the real load distribution in the side sections is likely to be non-uniform
with a peak next to the delamination edge. Nonetheless, the current work does not contain an investigation of non-uniform load
distributions.

The second diagram in Fig. 10b depicts the behavior of the SERRs depending on the dimensionless eccentricity of the damage,
e

bw
2

. This dimensionless parameter is zero for a centric damage and one for a damage placed at the specimen edge. The result is an

increase of the SERR value Gy
l , on the side with the smaller undamaged width. The value on the opposite side, Gy

r is decreasing. This

Fig. 9. Results for the threshold strain for damage growth th in comparison of the present model (blue) and the results reported by Rhead et al. [45]
and Choudrhy et al. [41]. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Parametric evaluation of the SERR depending on the specimen width w and the damage excentricity e. The test case equal to that in Fig. 8.
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behavior is plausible, as the load transfer is more significant in the side section with the smaller width. The smaller cross section has
to sustain a much larger load to balance the moments. Moreover, a slight increase of the value Gx can be observed for increasingly
eccentric damage.

Eventually it turns out, thatGy
r becomes negative before the relative eccentricity approaches one which is not physically based but

an artifact of the analysis method. First, a real damage is elliptical and the load redistribution is not discretely beginning at the
damage tip but happening continuously throughout the delamination length. The assumption of a sudden load increase is likely to
overshoot the real SERR increase. Second, the simplified calculation of the equilibrium of moments assumes constant sublaminate
forces Fsub. Hence, the balance of moments is obtained through the shifting of force from the larger to the smaller side section. In fact,
also the sublaminate force would increase due to the equilibrium of moments. Hence, the current calculation of the correction factors
nr and nl results in too high values. Nonetheless, the resulting increased SERR on the smaller side section is a conservative estimate of
the real value. Eventually, the validity of the model for high eccentricity is still questionable. In consequence, further validation of the
eccentric damage model through experiments or a numerical high-fidelity simulation would be a useful future step. When appropriate
validation data is available, the implementation of an improved equilibrium of moments would be a further subject of interest.

3.4. Determination of a strain allowable

The determination of a DT strain allowable in the preliminary aircraft design can be conducted through the method presented in
this work. It requires the assumption of a DT-relevant delamination size, which has to be determined by empirical damage data or
experimental or numerical analysis of the impact threat [61,62]. A delamination of the relevant size has to be placed at different
interfaces in the laminate. Hence, for each sublaminate configuration an SERR response is obtained, as shown in the example in
Fig. 11. The curves show the response of three sublaminates of the test case R4 (HTA/6376 ZD configuration from Rhead et al. [45]).
Each sublaminate has a different buckling strain and its own SERR response curves. These curves feature their individual intersection
with the critical SERR. That way, the laminate-specific minimum value min ( )th

i with =i n[1, ]sublaminates can be determined, after the
entire stacking has been analyzed. A thus obtained minimum could be the reference value for a damage tolerance strain allowable in
the aircraft design. In the considered example of case R4, the 7-ply sublaminate with determines the threshold of 3270 µstrain.

Nonetheless, this allowable accounts only for the tolerance of delamination, it does not include potential fiber cracking, interfiber
fracture or fatigue effects under cyclic loading. Furthermore the validity is limited to compression load. Under tensile load, the
damage propagation is driven be different effects [63] and the allowable strain is likely to be considerably higher than under
compression [26].

4. Conclusion

In this work, we presented the development of an analytical, energy-based method to determine the delamination propagation
under compression load. The method is based on the sublaminate buckling as the driving damage propagation effect. The damage is
simplified to its rectangular envelope and the virtual crack extension principle is applied to assess the damage propagation. Through
the combination with an analytical plate-buckling formula, an efficient and flexible analysis approach is created. Using this method,
the following outcomes were obtained:

Fig. 11. SERR curves of test case R4 (HTA/6376 ZD from Rhead et al. [45]). th represents a conservative estimate of the laminate’s residual
capacity.
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• The analytical calculation of the SERRs in perpendicular and parallel direction to the load axis is possible.
• The load transfer from the delaminated laminate section to the pristine sections alongside is considered. This load transfer
accounts for the specimen width and the damage eccentricity.
• The damage propagation strain derives from the exceeding of the critical SERR at any delamination edge. This strain can serve as a
design allowable.
• The obtained results were compared with experimental data from the literature and affirm that the method conservatively pre-
dicts the threshold strain for crack propagation. Nonetheless, an existing semi-analytical method from the literature [45] results in
quantitatively better predictions.

Hence, this approach permits the derivation of conservative strain allowables, as required within the sizing process of preliminary
aircraft design. In this way, it permits the early phase consideration of delamination damage in composite laminates. Thus, the
application of the method within a structural sizing process is a future subject of interest. Nonetheless, to achieve a valid damage-
tolerant design in preliminary aircraft design, tensile loading and additional damage modes have to be considered.

Possible future improvements of the presented method could account for the elliptical delamination shape, a corresponding non-
uniform load transfer, and varying distribution of the applied load. Furthermore, additional validation through experimental data or
numerical high-fidelity analysis is useful with regard to two aspects, the directional dependency of the SERR and the influence of the
damage eccentricity.
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Appendix A. Critical strain for sublaminate buckling

The analytical, two-dimensional DT method presented in this work is based on the sublaminate buckling, as the driving phe-
nomenon to the crack tip opening. Hence, the method requires an analytical calculation of the critical strain for sublaminate buckling

c. A numerical calculation as proposed by Rhead et al. [45] through the tool VICONOPT [58] provides plausible results. Their
combination of a numerical buckling analysis and an analytical evaluation of the delamination is superior to a purely analytical
approach. Thus, the supplementation of analytical methods and numerical approaches often results in a combined method [64]
which is more efficient than a comparable fully analytical or numerical method. However, a numerical calculation does not match the
needs of preliminary aircraft design where the equations in an optimization loop have to be evaluated within a fraction of a second.
Hence, either the numerical evaluation has to be conducted before the model is applied. With a predetermined response surface, the
buckling strain could be determined through a surrogate model which is similarly fast as an analytical equation.

Alternatively, an analytical alternative has to replace the numerical part. For the present work, analytical plate buckling equations
have been employed. The plate is represented by the rectangular envelope of the delamination with the dimensions ×a b2 2 . Such
equations for rectangular orthotropic plates with simply supported or built-in edges are available in the HSB in Section 45100 [4].
The Eqs. (A.1)–(A.5) describe the analytical method according to the HSB. This method founds on the bending stiffness D calculated
through the CLT and employs an empirical relation for the minimum envelope of the buckling curve. Depending on the boundary
conditions, the parameters q and h in Eq. (A.4) are selected. Simply supported boundary conditions are represented by =q 2 and

= += ( ) ( )h ( ) minm
m

m1,2,..
2 2

. Built-in edges are described by =q 2.36 and h through the diagram in the HSB Section 45111–08
[4].
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Moreover, some researchers propose analytical equations for the determination of the buckling strain in simply supported or clamped
composite plates, for example, Tarján and Kollar [54]. The Eqs. (A.6) and (A.7) describe the plate buckling load for simply supported
and built-in edges, respectively. The derivation of both equations is described in the referenced work (Eqs. (2) and (8), respectively).

= + + +n
b

D bi
a

D a
bi

D Dmin
2

2
2

2
2
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2
11

2

22
2

12 66
(A.7)

The formulas from the HSB and Tarján are valid for symmetric orthotropic plates, where the coupling stiffness in the B matrix
vanishes. In case of unsymmetrical laminates with a nonzero coupling matrix B, the corrected plate stiffness D according to (A.8) has
to be used instead of the bending stiffness D. For symmetric orthotropic laminates is =D D.

=D D B A B· ·T 1 (A.8)
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